The synchrotron radiation is commonly known to be completely linearly polarized when observed in the orbital plane of the synchrotron motion. Under actual experimental conditions, however, the degree of polarization of the synchrotron radiation may be lower than the ideal 100%. We demonstrate that even tiny impurities of polarization of the incident radiation can drastically affect the polarization of the elastically scattered light. We propose to use this effect as a precision tool for the diagnostics of the polarization purity of the synchrotron radiation. Two variants of the diagnostics method are proposed. The first one is based on the polarization measurements of the scattered radiation and relies on theoretical calculations of the transition amplitudes. The second one involves simultaneous measurements of the polarization and the cross sections of the scattered radiation and is independent of theoretical amplitudes.
I. INTRODUCTION
Advent of third-generation synchrotron radiation facilities made possible scattering experiments of a novel type, where the linear polarizations of both the incident and the scattered particles (photons and/or electrons) were detected [1] [2] [3] [4] . These experiments measured polarization correlations and the polarization transfer between the incident and scattered beams. They demonstrated that the detection of polarization properties of the scattered particles could be used for an accurate determination of the polarization properties of the incident beam.
In the present work we consider the elastic (Rayleigh) scattering of the synchrotron radiation off a closed-shell atomic target. The synchrotron radiation is known to be 100% linearly polarized when observed in the orbital plane of the synchrotron motion. It is also well-known that the elastic scattering of a fully linearly polarized x-rays on a closed-shell atomic target preserves the polarization and thus yields a fully linearly polarized scattered radiation. This is an exact statement that follows from the symmetry requirements [5] . As a consequence, one might expect a fully linearly polarized scattered radiation as an outcome of the process.
A closer examination, however, shows that this is not always the case. In particular, a recent experiment [6] found a strong depolarization of the synchrotron radiation scattered off the gold target, with the degree of polarization of 27±12% if observed at the angle θ = 90
• . The explanation of this phenomenon is twofold: first, in practice, the synchrotron radiation turned out to be slightly depolarized (in the case of Ref. [6] , by about 2%) and, second, a small depolarization of the initial radiation had a drastically amplified effect on the polarization of the scattered radiation.
In this work, we present a detailed investigation of the effect of strong depolarization of the elastically scattered light. We demonstrate that this effect can be used as a precision tool for the diagnostics of the polarization purity of the x-ray radiation. The proposed method can detect very small deviations of the degree of the linear polarization from 100%, which is beyond detection possibilities of other methods such as the traditional Compton polarimetry.
The proposed detection technique can become an important tool in investigations of various effects that use the synchrotron radiation and strongly depend on purity of its polarization, such as studies of the x-ray magnetic linear/circular dichroism [7, 8] and the x-ray magnetic scattering [9] , nuclear scattering diagnostics methods [10] , etc.
II. BASIC THEORY
We consider the process of the Raleigh scattering, namely, the elastic scattering of a photon on bound atomic electrons. Initially, we have an incoming photon with the momentum k i and polarization ǫ i and an atomic state |i with the energy E i , the total angular momentum J i and its projection M i . After the scattering, we have the scattered photon momentum k f (|k f | = |k i | = ω) and polarization ǫ f and an atomic state |f with the energy E f = E i , the total angular momentum J f = J i and its projection M f . The amplitude of the process is given by [11] 
where r 0 = e 2 mc 2 is the classical electron radius, the summation over ν goes over all possible intermediate electronic states of the atom, andR (R † ) is the operator of the absorbtion (emission) of a photon in the Coulomb (velocity) gauge,
Here, m numerates electrons in the atom, ǫ is the polarization vector of the photon and α is the vector of Dirac α matrices.
The amplitude M f i was considered in detail in the literature [12] [13] [14] as well as in our previous studies [15, 16] and need not be discussed further. The angle-differential cross section of the process is connected to the amplitude by
It depends on the polarization vectors of the initial and the scattered photons. In order to obtain the angle-differential cross section observed in an experiment, the above expression should be averaged over the polarization distribution of the incident radiation and, if the final polarization is not detected, summed over the polarizations of the scattered radiation.
In the present work we are interested in the scattering off the closed-shell atoms, for which
In this case, due to symmetry considerations, the transition amplitude can be parameterized [5] by the parallel A || and perpendicular A ⊥ amplitudes,
where ǫ || and ǫ ⊥ are the components of the polarization vector parallel and perpendicular to the scattering plane (i.e., the plane spanned by vectors k i and vectors k f ). The amplitudes A || and A ⊥ depend only the photon energy ω and the scattering angle θ (i.e., the angle between k i and k f ). We can use Eq. (4) to express all observable quantities in terms of amplitudes A || and A ⊥ . In particular, the unpolarized angle-differential cross section (averaged over the initialphoton polarizations and summed over the final-photon polarizations) is just
For the linearly polarized incident radiation, the angledifferential cross section is [5] 
where
In the particular case when the incident radiation is fully polarized and the polarization of the scattered radiation is not observed, the angle-differential cross section is defined only by the parallel amplitude,
In the present work we are specifically interested in the Stokes parameter P 1 of the scattered radiation, which can be evaluated as
where dσ lin || /dΩ and dσ lin ⊥ /dΩ are the differential cross sections for the scattering of radiation polarized parallel to and perpendicular to the scattering plane, respectively. Using Eq. (6) and identifying the Stokes parameter P 1 of the incoming light as P 1i = ξ 1i , we obtain
This expression connects the degree of polarization of the incident and the scattered radiation. It shows, in particular, that the scattered radiation is always fully polarized (P 1f = 1) when the initial radiation is fully polarized (P 1i = 1).
III. CALCULATION OF AMPLITUDES
In this section we discuss the calculation of the amplitudes A || and A ⊥ , which are the main building blocks for all observable quantities.
Let us first define the geometry of the process. We chose the z axis of our Cartesian coordinate system along the momentum of the incoming photon k i and the x axis along the polarization vector of the incoming photon ǫ i . With this choice of the coordinate system, the angle-differential cross section depends on angles only through the polarization vector of the outgoing photon ǫ f andk f ≡ k f /|k f | = (θ, φ), where cos θ =k i ·k f . The plane spanned by vectors k i and vectors k f is commonly referred to as the scattering plane and the angle θ between them, as the scattering angle.
Our calculations of the transition amplitudes of the Rayleigh scattering are performed within the independent particle approximation (IPA), in which the amplitudes of the scattering off individual electrons of the atomic target are taken to be additive. From these shell-dependent amplitudes, the total scattering amplitude is obtained as a sum
where n, l, and j are the quantum numbers of the one-electron states and the summation runs over all occupied states. The individual contributions M n with n = 1, 2, 3, etc. are referred to as the contributions of the K, L, M , . . . shells. The IPA approximation is known to work fairly well, as discussed in Refs. [5, 11, 13] . This conclusion was also confirmed by numerical calculations of the electron-electron interaction corrections to Rayleigh scattering recently performed for heliumlike ions in Ref. [17] .
In the previous work [16] we described our approach to the calculation of the one-particle amplitudes M njl , which is based on a numerical solution of the Dirac equation for an electron in the central field of the nucleus and the "spectator" electrons. Specifically, we apply the power series expansion method for solving the radial Dirac equation with a general scalar potential V (r) for an arbitrary energy E. Using the asymptotic form of the exact Dirac functions, we compute the regular and irregular solutions of the Dirac equation and store them on a radial grid. Knowing the regular and irregular Dirac solutions, we construct the Green function of the Dirac equation, which is then used for computing the second-order matrix elements in Eq. (1) . The numerical method is described in Ref. [18] .
An important feature of the computation is a summation over the complete one-electron spectrum of the Dirac equation and, as a consequence, an infinite summation over the multipoles of the photon field L (which is referred to a as the partial-wave (PW) expansion). In our calculations, we extended the PW expansion up to L max = 70, which yielded converged results for the amplitudes of the K, L, M , and, sometimes, N shells in the expansion (10) . For the higher-n atomic shells, however, the convergence of the PW expansion becomes increasingly slower. Fortunately, numerical contributions of the shells with n > 4 decrease quickly, except for the forward scattering angles.
The contributions of the higher-n shells can be accounted for within the so-called form-factor (FF) approximation, in which the photon scatters off a static charge distribution of individual electrons as obtained from the Dirac-Fock equation. Pratt and co-workers [13, 14] reported a modified FF approximation that included some binding effects and estimates for the imaginary part of the amplitudes. Following Refs. [13, 14] , we define the approximate FF amplitudes by
where G n (q) is the form-factor of the n shell, σ PE n is the cross section for the photoionization from the nth shell, and n 0 is an inner shell for which partial-wave expansion results are available. The modified form-factor is defined as [19] G n (q) = ∞ 0 r 2 dr ρ n (r) sin qr qr
where q = 2 ω sin(θ/2) is the momentum transferred to the target atom by the scattered photon, ε n is the energy of an electron in the nth shell (including the rest mass), V n (r) is the binding potential for electrons in the nth shell (including the nuclear Coulomb field and the screening potential from the other shells), and ρ n (r) is the electron charge density of the nth shell, normalized to the number of electrons in the shell, ∞ 0 r 2 dr ρ n (r) = 2j n + 1 . In our numerical calculations, we use the partial-wave expansion (PWE) method to compute the amplitudes of the inner n ≤ n ′ shells (with n ′ = 3 or 4), and the modified FF approach to approximate the amplitudes for the remaining outer shells. This approach was previously used in calculations of Pratt and co-workers [13, 14] . Table I compares results of the PWE calculation with those obtained in the modified FF approximation, for the case of scattering off neutral lead (Z = 82) and the photon energy of ω = 145 keV. We observe that the FF approximation works very well for forward scattering angles. For larger angles and higher scattering energies, however, its accuracy gradually deteriorates. The use of the FF approximation is essential in order to obtain reliable results for the forward scattering, since the contribution of the outer n > 4 shells (for which no convergent PWE results are obtained) is significant in this case. For larger angles, however, the numerical contribution of the outer shells is small and can often be omitted. Figure 1 displays the convergence of calculated results with respect to the number of shells taken into account, for the angle-differential cross section dσ(θ, φ = 0)/dΩ for the completely linearly-polarized incident light with energy ω = 145 keV and neutral lead target. We observe that the contribution of shells with n > 4 is noticeable only in the very forward direction. We performed two variants of the full (PWE+FF) calculation, evaluating the contribution of the n = 4 shell by the PWE and FF methods. Both computations yielded results that are visually indistinguishable on the picture.
IV. DETERMINATION OF THE POLARIZATION PURITY OF THE INITIAL PHOTON
We now consider a correlation between the degree of linear polarization of the incoming and scattered x-rays. Already from Eq. (4) it can be seen that if the incident radiation is polarized parallel or perpendicular to the scattering plane, the scattered radiation will have exactly the same polarization. A general relation between the Stokes parameters P 1 of the incident and scattered radiation is given by Eq. (9) . Using the TABLE I: Rayleigh-scattering amplitudes A || and A ⊥ for Pb (Z = 82) at photon energy ω = 145 keV, in relativistic units. "PWE" labels results obtained within the partial wave expansion, "FF" denotes results obtained within the modified formfactor approximation. n is the shell number (n = 1 is K shell, n = 2, L shell, etc.). The imaginary part of the FF amplitudes is scaled to match the corresponding PWE amplitude for the n = 3 shell, according to Eqs. (13) and (14) . numerical results for the transition amplitudes obtained in the previous section, we can deduce results also for the Stokes parameters. Fig. 2 presents a typical example of the angular dependence of the Stokes parameter of the scattered radiation P 1f for different values of the Stokes parameter of the incident radiation P 1i . We observe that in the region of scattering angles θ ≈ 90
• the degree of polarization of the scattered radiation depends strongly on the degree of polarization of the initial radiation. If, for example, the incident radiation is depolarized by just 0.1%, the depolarization of the scattered radiation might reach up to 20%.
From Fig. 1 we conclude that the vicinity of scattering angles θ ≈ 90
• is the region of the suppressed photon emission and, according to Eq. (7), of small values of the parallel amplitude A || . (We recall that in the formfactor approximation, A || ∝ cos 2 θ). For the angles θ ≈ 90
• and the incident radiation of high polarization purity (1 − P 1i ≪ 1), the numerator and the denominator of Eq. (9) are composed of two small quantities, (1 + P 1i )|A || | 2 and (1 − P 1i )|A ⊥ | 2 , so that even small variations of the amplitudes and the initial polarization may lead to large changes of the polarization of the scattered radiation.
This effect can be used as a method for an accurate determination of small depolarization of initial photon δ i ≡ 1 − P 1i , by measuring the Stokes parameter of the scattered radiation P 1f at scattering angles θ around 90
• . We note that despite the strong suppression of the cross section at θ ≈ 90
• , this angle region is still accessible for experimental investigations [6] , due to great luminosity of synhrotron radiation on modern facilities. This remarkable effect can be understood more easily if we rewrite Eq. (9) in terms of the depolarization of the initial radiation δ i as
where R is the ratio of the squares of the parallel and perpendicular amplitudes,
We note that within the (standard) form-factor approximation, R(E, θ) does not depend on energy and is just R(E, θ) = R FF (θ) = cos 2 θ, so that Eq. (16) becomes an universal function, without any dependence on the nuclear charge of the target or the energy of the incident radiation.
In order to study the sensitivity of P 1f on δ i , we differentiate Eq. (16), obtaining
The derivative behaves as −1/(2δ i ) for R ≈ δ i /2 ≪ 1 and as −1/R for δ i ≪ R ≪ 1. We conclude that by measuring the Stokes parameter of the outgoing radiation P 1f in the region of small values of R(E, θ), we achieve an enhanced sensitivity of our measurement to small depolarizations of the incoming radiation.
The angular dependence of the function R(E, θ) for different collision energies is plotted on Figs. 3 and 4 , for scattering off the neutral lead target. The plotted results were obtained within the PWE approach with including shells with n ≤ 4 for energies 100 and 145 keV and n ≤ 3 for higher energies.
Contrary to the FF approximation, in which the function R vanishes at θ = 90
• , the PWE calculation shows that the minimal value of R is always above zero. The minimal value gradually increases with the increase of the collision energy. The position of the minimum also shifts from the FF value θ = 90
• toward smaller angles; the higher the energy, the larger the shift. We observe that for a wide range of the collision energies, the angle region of θ = 60
• -100
• corresponds to values of R < ∼ 0.1, thus yielding an enhancement of sensitivity in determination of δ i from one to two orders of magnitude.
The method of determining δ i from Eq. (16) discussed so far depends on theoretical results for the function R(E, θ), which need to be obtained reliably and with a controlled accuracy. In Table II we present results of our calculations of R(E, θ) for the neutral lead target and different angles and scattering energies. In our calculation of R(E, θ), we found that the inclusion of the FF approximation for the higher-n shells does not improve the convergence of the calculated results for the scattering angles we are presently interested, so we did not include it. The uncertainty ascribed to the numerical values of R(E, θ) reflects our estimation of the error caused by an incomplete treatment of the outer electron shells. We neglect uncertainty due to smaller effects not included into calculation, even though they might be enhanced in the region of θ ≈ 90
• . Among these effects, the largest one is probably the residual electron correlation, studied (to first order in 1/Z and for He-like ions) in Ref. [17] . The results of Ref. [17] suggest that an enhancement around 90
• exists but the change of the cross section is still very small.
One can avoid the need of theoretical predictions for R(E, θ) by measuring an independent observable that depends on δ i and R(E, θ). We propose to use for this purpose the ratio of the angle-differential cross sections measured within and perpendicular to the plane of polarization of the incident radiation. This ratio can be evaluated as
where we assumed that the polarization of the scattered photons remains unobserved. Therefore, by measuring P 1f and σ R for the same scattering energy E and scattering angle θ, we can determine the degree of polarization of the initial radiation δ i from Eqs. (16) and (19) , without any further theoretical input.
V. CONCLUSION
We have studied the polarization properties of x-ray radiation elastically scattered off a closed-shell atomic target. We have shown, in particular, that the degree of polarization of the scattered radiation is very sensitive to small deviations of the incident radiation from the 100% linear polarization, especially in the region of scattering angles θ = 80-90
• . This effect can be used as a precision tool for the diagnostics of the polarization purity of the synchrotron radiation. Two variants of the diagnostics method have been put forward. The first one requires the ratio of the squared amplitudes R(θ, E) to be taken from theoretical calculations, whereas the second one determines R(θ, E) from an additional measurement of the ratio of the scattering cross section observed within and perpendicular to the polarization plane of the incident radiation. 
